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A cavity-modified master equation is derived for a coherently driven, V-type three-level atom 
coupled to a single-mode cavity in the bad cavity limit. We show that population inversion in 
both the bare and dressed-state bases may be achieved, originating from the enhancement of the 
atom-cavity interaction when the cavity is resonant with an atomic dressed-state transition. The 
atomic populations in the dressed state representation are analysed in terms of the cavity-modified 
transition rates. The atomic fluorescence spectrum and probe absorption spectrum also investigated, 
and it is found that the spectral profiles may be controlled by adjusting the cavity frequency. Peak 
suppression and line narrowing occur under appropriate conditions. 
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I. INTRODUCTION 

A major interest of modern quantum optics is to devise ways to modify and control the radiative properties of 
atoms. This may be achieved by changing the environment, so that the atoms interact with a modified set of vacuum 
modes. One such modified vacuum is provided by the cavity environment Q, where the electromagnetic modes are 
concentrated around the cavity resonant frequency. The coupling of the atoms to the modified electromagnetic vacuum 
is therefore frequency dependent. For an excited atom located inside such a cavity, the cavity mode is the only one 
available to the atom for emission. If the atomic transition is in resonance with the cavity, the spontaneous emission 
rate into the particular cavity mode is enhanced otherwise, it is inhibited ||. When the atom is strongly driven by 
a laser field, the atom-laser system may be considered to form a new dressed atom whose energy-level structure 
is intensity dependent. For such a coherently driven two-level atom placed inside a cavity, theoretical investigations 
have predicted a phenomenological richness which is not found in the absence of the strong driving field — for example, 
dynamical suppression of the spontaneous emission rate , population inversion in both bare and dressed states 
basis and distortion and narrowing of the Mollow triplet ||J|. All these features are very sensitive to the cavity 
resonance frequency because of the cavity enhancement of the dressed atomic transitions. 

Recently, Lange and Walther JTc) ] have observed the dynamical suppression of spontaneous emission in a microwave 
cavity. In the optical-frequency regime, Zhu et al. jllj have also reported experimental studies of the effects of 
cavity detuning on the radiative properties of a coherently driven two-level atom. They have shown that the atomic 
fluorescence of a strongly driven two-level atom is enhanced when the cavity frequency is tuned to one of the sidebands 
of the Mollow fluorescence triplet, whereas it is inhibited by tuning to the other sideband. The enhancement of atomic 
resonance fluorescence at one sideband is a direct demonstration of population inversion. 

In this paper, we investigate the dynamical modification of the resonance fluorescence of a coherently driven V-type 
three-level atom coupled to a frequency-tunable, single-mode cavity in the bad cavity limit. We demonstrate that the 
atomic populations, fluorescence spectrum and absorption spectrum can be strongly controlled and manipulated by 
tuning the cavity frequency. In Section 2, we derive a cavity-modified master equation for the atomic density-matrix 
operator from the full master equation by adiabatically eliminating the cavity variables in the bad cavity limit. For 
simplicity, we restrict attention to the situation where the laser frequency is tuned to the mean Bohr frequency of the 
excited states. The results obtained here are basic to the whole paper, and the equations derived in this section are 
used to calculate all the numerical results presented. The first part of Section 3 is devoted to discussing the atomic 
population distribution in the bare state representation. It is pointed out that significant population inversions can 
be achieved. In the second part of this section, we analyse the equations for the populations in the dressed state basis, 
with particular emphasis on the high field limit. We find that the dressed state populations obey rate equations, 
with atomic transition rates that are strongly dependent on the Rabi frequency and the cavity resonance frequency. 
Under certain conditions, the population may also be inverted in the dressed-state basis. The plots of the dressed 
state populations against the cavity frequency-laser frequency detuning are used to provide a semi-quantitative 
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understanding of the phenomena described in the subsequent sections. In Section 4 we study the cavity effects on the 
resonance fluorescence spectra of this system. It is shown that dynamical control of the populations and fluorescence 
spectrum by adjustment of the cavity resonance frequency and Rabi frequency is possible. Peak suppression and line 
narrowing phenomena are also revealed. In Section 5 we briefly consider the absorption of a weak tunable probe field 
transmitted through this system, and in the last section we give a summary. 



II. THE CAVITY MODIFIED MASTER EQUATION 

Consider a V-configuration atom consisting of two excited states |1) and 2} coupled to a ground state |0) by a 
single-mode cavity field of frequency loq and a laser field with frequency u>l, as shown in Fig. 1. The cavity mode 
is described by the annihilation and creation operators a and a>, while the atom is represented by the operators 
Aik = \l)(k\ (I, k = 0, 1, 2). In the frame rotating at the frequency u>l, and within the rotating wave approximation, 
the master equation for the density matrix operator p of the combined atom-cavity system is 



where 



with 



p T = -i[H A + H c + Hj,p T ] + CaPt + C-cPt (1) 



H A = (A - lu 21 )A u + AA 22 + n 2 (A 02 + A 2Q ) + fii(A i + A 10 ), (2a) 

H c = Sa^a, (2b) 

Hi = 32(0^02 + A 2Q a) + gi{a)A Ql + A w a), (2c) 

£aPt = -^(2A m p T A w - p T An - Anp T ) + — (2A 02 p T A 20 - p T ^22 - ^22Pt), (2d) 

C*cPt = K(2apTd — a) apr — pro* a), (2e) 



W21 = u>2 — u>i, S = u>c — and A = lo 2 — u>l. (3) 



Here Ha and He describe the coherently driven atom and the cavity respectively, and Hi represents the interaction 
between the atom and the cavity mode. The Rabi frequency flj relates to the atomic transitions \j) |0) (J = 1, 2) 
under the action of the driving laser field, and gj is the coupling constant between the atom and the cavity mode 
associated with the same transition. CcPt and CaPt describe respectively the damping of the cavity field by a 
standard vacuum reservoir, and the atomic damping to background modes other than the privileged cavity modes. 71 
and 72 are just the spontaneous decay constants of the levels |1) and |2). Here we also assume that the atomic dipole 
moments dio and d2o are orthogonal to each other, so that there is no spontaneously generated quantum interference 
|l2"| resulting from the cross coupling between the transitions |1) <-» |0) and |2) «-> |0). For simplicity in the resulting 
expressions, we assume Qi = fl 2 = Q, g± = g 2 = g, 71 = 72 = 7, and A = uj 2 i/2 in what follows. 
We assume that the atom-cavity coupling is weak and the cavity has a low-Q value, so that 

k > g > 7 (4) 

(the bad cavity limit). This condition implies that the cavity mode response to the standard vacuum reservoir is 
much faster than that produced by its interaction with the atom. Then the atom always experiences the cavity mode 
in the state induced by the vacuum reservoir, and this permits one to eliminate the variables containing the cavity 
field operators adiabatically, giving rise to a reduced master equation for the atomic variables only. As the derivation 
is tedious, we refer readers to Jt],[hJ, and here only outline the key points. 

We temporarily disregard CaPt in the elimination of the cavity-mode, since it unchanged by these operations. First 
we perform a canonical transformation to the atom-cavity interaction picture (|l|) by 

p T = e^A+H c )t pTe -r{H A+Hc )t^ (5) 

The master equation then takes the form 

d t (e' Cct p T ) = -ie- Cct {Hi(t),p T ], (6) 

where Hi(t) = g[D(t)a* exp(i6t) +h.c], with D(t) = exp(iHAt)D exp(— iiJ^i) and D = Aqi +^02- We next introduce 
the operator \ 
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X = e- Cct p T , 



(7) 



which, according to Eq. (|]), obeys the equation 

±(t) = -ige Kt [[a\ D(t) X (t) 
-ige- Kt [[b(t), X (t)a 



i.St 



ASt 



a, X {t)D\t) 



D\t), a X (t)] e- m ) 



(8) 



Due to the smallness of the coupling constant g, we can perform a second-order perturbation calculation with 
respect to g by means of standard projection operator techniques. Noting that 



Trcx(t) = Tccprit) = 



(9) 



we can trace out the cavity variables to obtain the master equation for the reduced density matrix operator p of the 
atom. Under the Born-Markovian approximation, the resulting master equation is of the form 



Pit) = ~9 2 {e-^ + ^[D\t)D(t - r)p(t) D(t r)p(t)D\t)} + h.c) 



dr. 



Finally transforming p back to the original picture via p — exp(—iHAt)pexp(iHAt), and restoring the Cap contribu- 
tion, we express the reduced master equation for the atomic variables as 



P : 



-i [Ha, p] 



(DpS*< + SpD^ - D^Sp - pS^D) 



+^ (2A QlP A 1Q - P A n - A llP ) + 1 (2A 02 pA 2a - P A 22 - A 22 p) 
where 7 C = 2g 2 /k specifies the emission rate of the atom into the cavity mode, and 

/>oo 

S = k e~ {K+ ^ T D{-T)dT 
Jo 

= PqAqo + fcAn + foA 22 + (3 3 A 10 + p 4 A 01 + f3 5 A 2Q + (3 6 A 02 + (3 7 A 21 + (3 8 A 12 , 
where the coefficients (i = 0, 1, ....8) are given by 
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with 



9., 



2ih- 



U21 
2Q R 



(13) 



The first term of eq. (10) describes the coherent evolution of the atom, the second terms the cavity-induced decay of 
the atom into the cavity mode, and the remaining terms the atomic spontaneous emissions to the background modes. 
The equations of motion for the atomic variables take the form 

P11 = -jpu - itt (poi - P10) 

- y (A)An + 0oPio + 04,Pn + 0Xpu + 0&P21 + 0&P12) , 
P22 = -IP22 - ift (P02 - P20) 
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jf (A)A)2 + /5oP20 + PaP\2 + PiP21 + P&P22 + Pipit) , 

Pw = (7 - iw 2i) Pio + (p u - poo + P12) 

-y [/3oPoo - /3i (pii + P12) - 03 {poi + P02) + PaPw + P&P20 - 0s O21 + P22)] , 

p20 = - - (7 + i^2l) P20 + tfi (P22 - POO + P2l) 

7c 

— 2 [A)A)0 - #2 (P21 + P22) - /?5 (POI + P02) + /?4PlO + /36P20 - /?7 {Pll + P12)] , 
p 21 = - (7 + IUJ21) P21 - ^ (p 01 - p 20 ) 

-y (/3oPoi + /3 >2o + /3 4 pn + /SJpai + flspai + /3 6 *P2 2 ) , (14) 



III. STEADY-STATE POPULATIONS 
A. The bare states. 

We have numerically solved the equations ( |l4| ) for the populations in the steady state. In all our numerical plots 
we assume the values 7 = l,g = 20 and k = 100, so that the condition (Q) is satisfied. All the frequencies are also 
measured in units of 7. 

In Fig. 2 we plot the bare state populations as a function of the cavity-laser detuning 5. We first consider the case 
where uj 2 i — 10, taking in frame (a) fl = 4; in frame (b), 11 = 10; and in frame (c), il = 100. For the smallest value of 
f2, all three populations tend to roughly the same value for large detunings, but for small detunings, a resonant effect 
is evident around 5 = 0: the population in the ground state passes through a maximum, whilst the population in the 
two excited states exhibits a minimum. The behaviour in frame (b) is qualitatively different: here, the population 
resides mainly in the ground state, but this population now shows a dip as 5 passes through zero. The excited state 
populations show a minimum and a maximum close to the origin. There is a very tiny amount of population inversion 
for state |2) over state |0) for a very short range of negative detunings close to zero, but the effect is unimportant. 
As the value of is increased to ft = 100 in frame (c), keeping oj^i = 10, the populations show a flatter behaviour, 
with the ground state population tending to the value 0.5 for large S, and that of the excited states to the value 0.25. 
The minimum in the ground state population at <5 = in frame (b) has been replaced by a very shallow maximum in 
frame (c). It is clear that the most interesting behaviour arises for ~ u>2i- 

In the next three frames we assume a larger value for the excited state splitting, u>2i = 200. For the lowest value of 
fl considered, il = 100, the behaviour in frame (d) is qualitatively different to that shown in the first three frames. 
Now all three bare populations tend towards the same value for large S. The ground state population is almost flat, 
but the excited states possess pronounced maxima and minima, as well as the suggestion of further structure. It 
is clear that, for appropriate detunings, a large population inversion between the excited and ground states can be 
achieved. When 17 is increased to = 200, as in frame (e), the ground state population begins to increase, decreasing 
the population inversion obtainable. Also structure at four different frequencies becomes evident. (The reasons for 
this will become apparent in the following subsection.) The trend continues in the final frame, where i! = 300, and 
there is no population inversion. For still larger values of fi (not shown), the ground state population tends to flatten 
around the value 0.5, and the excited state populations around the value 0.25, as in frame (c) but with different 
detailed structure. 

B. The dressed states. 

To study the modification of the atomic populations due to the presence of the cavity, we work in the semiclassical 
dressed-state representation. The dressed states, defined by the eigenvalue equation, Ha\o) = \ a \a) 1 are of the form 

|a) = i[-(l- £ )|2)-(l + E )|l) + 4#)], 
|&) = -2t ? |2) + 2t ? |1)+ E |0), 

| C > = i[(l+ e )|2) + (l- E )|l>+4#>], (15) 
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and the corresponding energies are 



x a = -n R , x b = o, x c = n R . (16) 

Within the secular approximation, the equations of motion for the populations in the dressed states may be cast 
into the rate equation form 

Paa = —{Rab + Rac)Paa + RcaPcc + RbaPbb 
Pbb = —{Rbc + Rba) Pbb + RcbPcc + Rabpaa 

Pec = —{Rca + Rcb)Pcc + RacPaa + RbcPbb (17) 

where R a /3 {a, (3 — a, b, c) represents the atomic transition rate from the substate \a) of one dressed-state triplet 
to the substate |/3) of the dressed-state triplet below, as depicted in Fig. 3. In the high field limit, that is, when 
the effective Rabi frequency is much greater than all the relaxation rates, VLr 3> 7, j c , the coupling between atomic 
density matrix elements p a p associated with the various frequencies may be omitted to O^/Qr) and 0{^ c /Q,r), and 
the transition rates may be expressed as 
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(18) 

where lZ{±x) — k 2 / [k 2 + {S ± x) 2 ~\ . The above expressions for the transition rates will provide the basis for physical 
explanation of the effects to be described. 

The function 1Z{±2Qr) introduces resonances at S = ±2Qr into the rates R ac and R ca with a strength proportional 
to 4f2 2 . This appears to be more dominant than the resonances at 5 = ±£1/? which occur in R co and R ao with a strength 
proportional to u)\ x . Resonances at 5 = ±2VIr can be clearly seen in frames (b) to (f) of Fig. 2, whereas resonances 
at 5 = ±f2fl are only apparent in frames (c) - (f). 

The equations ([18]) show that in the presence of the cavity, the transition rates R ab , Rac, Rcb and R ca are strongly 
dependent on the cavity frequency, but R bc and R ba are only related to the spontaneous emission rate. This is 
because for the system considered here, a V-type three-level atom interacting with the cavity mode, there exist nine 
double- channels for the atomic transition from the dressed states \i) to which originate from the atomic bare 
state transitions |1) to |0) and |2) to |0) respectively. Constructive or destructive interference happens within every 
double-channel. But the two double-channels for the transitions \b) — > |c) and \b) — > \a) are completely destructive for 
the cavity mode — that is, the transitions from \b) to |c) and from |6) to \a) never result in the emission of a photon 
into the cavity mode. So the atomic transition rates R bc and R oa are only dependent on the spontaneous emission 
rate and independent of the cavity frequency. As the other seven double-channels are still open to the cavity mode, 
this means that for the other transitions from \i) to a cavity photon can be generated, but it will be very strongly 
damped under the bad-cavity assumption. Therefore, besides the terms describing atomic photon emission into the 
background, there occur additional terms dependent on the cavity frequency in the transition rates R a b, Rac, Rcb and 

Rca • 

The steady-state dressed populations are found from equations ( |l7| ) to be 

Rba{Rca + Rcb + Rbc) + Rbc{Rca ~ Rba) 



P> 



{Rab + Rac + Rba){Rca + Rcb + Rbc) ~ {Rca — Rba){Rac — Rbc 
Rba{Rac — Rbc) + Rbc{Rab + Rac + Rba) 



{Rab + Rac + Rba){Rca + Rcb + Rbc) — {Rca ~ Rba){Rac ~ Rbc) ' 
Pbb = 1 - Paa - Pec- (19) 

The dressed state populations are plotted as a function of the detuning in Fig. 4, for the same parameter values 
employed in Fig. 3. These plots have been obtained by a numerical solution of equations (|lj), but we have found 
that the equations (|l^) provide an excellent approximation in the strong field limit. 
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It is evident that if the excited levels of the V-atom are degenerate (e — 0) or nearly degenerate (e ~ 0), the 
transitions |o) — > \b) and |c) — ► \b) are turned off (as R a b, R c b ~ e 2 ), whereas the rate of transitions out of the dressed 
state | b), Rba + Rbc, is nonzero. There is thus no steady-state population in the dressed state \b), only in the dressed 
states \a) and \c). In general, it follows that in the regime f2 2 3> u)\ Xl the population in dressed state \b) is very small. 
Furthermore, if the cavity frequency is tuned to 8 = — 2f2fl, the dressed state transition from \a) to |c) is resonantly 
enhanced (R ac — 7/4 + 7 C 4?7 2 ), while the reverse transition is suppressed, R ca ~ 7/4, and thus more population will 
be accumulated into the state |c). For 8 — 2Qr, there exists a greater population in the dressed state \a). An example 
is shown in frame (c) of Fig. 4, where we take u>2i — 10, = 100. (The population in \b) is very close to zero.) In 
frame (f), where we are only beginning to approach the limit fl 2 3> wfi, the behaviour is similar, but now there is a 
small but significant population in state \b) . 

However, in the opposite limit, where the excited level splitting is much greater than the Rabi frequency 3> fi 2 ) 
the transition rates R ac , Rca-, Rba and i?t> c are very small, and the transitions into the dressed state \b), represented 
by R a b and R c b, dominate. Eventually, the population in the dressed state \b) approaches unity, and that in the states 
I a) and \c) is very small. In this case, the resonance features of the dressed state populations regarding the cavity 
frequency are less pronounced. We do not plot this case here, but the features can be seen beginning to emerge in 
frame (a), and to a lesser extent, in frame (c). The intermediate regime, where u>2i = fi, is shown in frames (b) and 

In general, the population distributions are strongly dependent on the cavity frequency. For example, when 6 = 0, 
the cavity is tuned to resonance with the driving field, we have R a b = R c b, Rba = Rbc and R a c — Rca- Consequently, 
there is no population difference between the upper dressed state \c) and the lower one \a). Moreover, in the case 
Qr. 3> k, the distribution is same as in free space |Q. 

When the cavity frequency satisfies 8 = —flu, describing resonance with the dressed state transition \a) —> \b), the 
rate of this transition R a b is greatly enhanced. Also the rate of downward atomic transitions from \a) to |c) is larger 
than the transition rate |c) — > \a), i.e., R ac > R ca . As a result, the population in the dressed state |c) is greater than 
that in the state \a), (p cc > p aa )- 

A similar analysis shows that the population, p cc , of the state |c) is also greater than the population, p aa , of the 
dressed state \a) if the cavity is tuned to 8 = —2Qr. The opposite conclusions hold when 8 = flu and 2f2#, as is 
clearly demonstrated in Figs. 4(c) - 4(f) for different values of the Rabi frequency f2. 

If the cavity is tuned to resonance with the driving field (<5 = 0), then R a b = R c b, R C a = Rac and Rb c = Rba- From 
Fig. 2 we see that the population distribution between the dressed states |c) and \a) is balanced, which is similar to 
the case in the absence of cavity |12|. In the presence of the cavity, the transition rates R a b and R c b from the dressed 
states I a) and \c) to the dressed state |6) are faster than those in the absence of the cavity, whilst the reverse rates 
Rbc and Rb a remain unchanged because of the closing of the atomic transitions \b) — * |c) and \b) — » \a) for the cavity 
mode due to destructive interference. The populations p cc and p aa are decreased and pbb is increased by comparison 
with the case in the absence of the cavity. 

However, when the cavity frequency is tuned to satisfy 8 = — £Ir, the atomic transition from \a) to |6), which occurs 
at frequency ojl — SIr, is resonant with the cavity. The interaction of the atom with the privileged cavity mode is 
enhanced, and the atom predominately (since g 3> 7) emits a photon into the cavity mode, characterized by the £ 2 7 c 
term in R a b, besides radiating a photon into the background, represented by the term Tq in R a b- By contrast, the 
other transitions describing atomic emission of a photon into the cavity mode are far off resonance with the cavity 
(since 3> k), so the atom can only radiate a photon into the background. As a consequence, the symmetry of the 
transitions from \c) to \b) and from \a) to \b) is broken, which results in an enhanced population in the dressed state 
\c) over that in \a). 

When the cavity frequency is tuned to satisfy 8 = —217^, the atomic transition rate R ac at the cavity frequency 
lul — 2Qn is resonantly enhanced, and the other three rates R a bi Rcb and R ca are decreased. In this case, if j c S> 
7 (l + e 2 ) / (l — e 2 ), the other five transition rates are much smaller than R ca . Thus any population in the dressed 
state I a), resulting from transitions from \b) and |c) to \a), will return to |c) very quickly because R ac is much greater 
than the other transition rates. So it seems that the atom is trapped in the two dressed states \b) and |c), and the 
population in the state \a) approaches zero. Similar explanations can be adopted for the cases 8 = flu and 8 = 2£l/j. 



IV. RESONANCE FLUORESCENCE SPECTRUM 



The spectrum of the atomic fluorescence emission emitted from the side of the cavity is proportional to the Fourier 
transform of the steady-state correlation function lim^oo (E^ (r, t + r) ■ £^+) (r, t)) , where (r, t) are the positive 
and negative frequency parts of the radiation field in the far zone, which consists of a free-field operator and a source 
field that is proportional to the atomic polarization operator. The fluorescence spectrum is given by 
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A(w) = Re J [(A 2 o(t + T),A 02 {t)) + (A 10 (t + T),A Q1 (t))} t ^ 00 e- lu ' T dT. (20) 
o 

Because we have assumed that the atomic dipole moment elements d 2 o and dio are perpendicular to each other, 
the two correlation functions (A±o(t + r),Ao 2 (t)) and (A2o(t + r),Aoi(t)) make no contribution to the fluorescence 
emission spectrum. Using the quantum regression theorem, the spectrum may be expressed as 

A(w) = Rc [f i («) + G 02 (z) - (\p 01 (oo)| 2 + \p 02 (oo)| 2 ) /z] (21) 

V /J z—iuj 

where X (z) denotes the Laplace transform of X (t) , and 

F(t) = U^{t) [|Q> (1|p(go)]C7(t) and G(t) = I7 + (r) [|0) (2| p (00)] 17 (r) (22) 

with U (t) the time development operator, obey the same equation of motion as p (t) but with the different initial 
conditions implied by the definitions (|22]). 

We calculate the resonance fluorescence spectra numerically from the equations obtained in Section II. However, 
the dressed atom approach provides a convenient way of interpreting the results so obtained, at least in the strong 
field limit, and so we develop this approach here. In terms of the dressed states (|l5|), we have, for example, 

F„i(*)= (OHF a0 (z)((3\l) (23) 

with the initial condition 

F a/3 (a) = J £(a\Q)p lf3 (oo){l\0). (24) 

7 

In the high field limit, Qr 7, j c , which is the condition for the secular approximation to hold, the dressed energy 
levels are well separated, and one can associate the diagonal terms on the right hand side of equation (|2^) , and those 
in the corresponding equation for G02 (z) , with the resonance fluorescence line at the centre of the spectrum, to = lul 
(see Fig. 3). In a similar way, the elements F a b, G a b, Fb c and Gbc are associated with the line at lo = lul — Qr, whilst 
the elements Fb a , Gb a , F c b c and G c b are associated with the line at u> = lul + Qr. Finally, F ac and G ac are associated 
with the line at u> = lul + 2Qr, and F ca and G ca with the line at lj = lul — %Qr 

One can apply the secular approximation to simplify the equations of motion for the atomic density matrix elements 
in the dressed state representation, which are obtained according to eq. ( |To| ) as follows 

Paa = —FlaPaa + ^2apcc. + Rba, 
Pec = —^IbPcc + ^2bPaa + Rbc, 

pab = - (r 3a - ^3) Pab + r 4j o bc , 
pbc = - (r 3 b - ifii) pbc + r 4 p a h, 

Pac = - (r 5 - ifl 5 ) Pac, (25) 

with 
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Tn = 


^(3-2e 2 + 3e 4 ) 
4 ' 


+ 7, 


[e 2 K(-n R ) + 4 V 2 K(-2n R )] , 


r 2a = 


~ (1 - * 2 ) (3e 2 - 


1)" 


h 7 c4?7 2 ^(-20 i? ,), 


r 26 - 




1)H 




r 3 a = 


J(3 + e 2 -2 £ 4 H 


7c 
2 


[4 V 2 n(o) + e 2 n{n R ) + Vftpn*)] , 


r 3b - 


2 (3 + £2 _2 £ 4 H 


7c 
2 


[4ry 2 ft(0) + e 2 ft(-^) + 4ry 2 ft(-2^)] 


r 4 = 
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T 5 = J(3 + e 4 ) + y {16^(0) + e 2 [TZ(n R ) + K(-il R )] + ir] 2 [n(2Q R ) + 4 v 2 TZ(-2n R )] } 
^3 = Mr + y [4?7 2 X(0) + e 2 l(Q R ) + 4rj 2 J(2n R )] , 



— £1 / 



^ [VZ(O) + e 2 Z(-^) + 4?7 2 X(-20 fl )] , 

7c 



5 = 2fi fi + ^{e 2 [i(n R ) - i(-n R ) 



4 V 2 [i(2n R )~i(-2n R )}}, 



(26) 



where T(±x) = k(S ± x)/ [k 2 + (S ± a;) 2 ] , is the decay rate in the dressed state representation, which is dependent 
on the cavity frequency, while Cl R — f2 34 and 2fl R — f7 5 are the cavity-induced level shifts. In the bad cavity and high 
field limits, the shifts are negligibly small. 

In the dressed state representation, the underlying physical processes are very transparent. As argued in the 
paragraph following equation (23), the downward transitions between the same dressed states of two adjacent dressed- 
state triplets give rise to the central component of the fluorescence spectrum, i.e., 



A (w) = Re 



N (z) 



(z + T la )(z + T lb )-r 2a T 



21, 



(27) 



with 



N (z) = Alf (2z + Via + T lb - T 2a ~ ^2b) PaaPcc - 2l] 2 (l - 9e 2 ) [T 2a Pcc + ^2bPaa] Pbb 

+2 V 2 (l + 9e 2 ) [(z + T 

la) Pec ~\~ (z ~\- T'xb) Paa] Pbb- 



(28) 



This spectral component consists of two Lorentzians with linewidths 27^ = (ri a + Ti b ) ± y (Ti a — Tib) 2 + 4r2 a r2i>. 

However, the downward transitions \a) — > \b) and \b) — > |c) from one dressed-state triplet to the next triplet lead to 
the lower-frequency inner sideband, yielding an expression of the form 



Ai(w) = Rc 



whilst the transitions \b) 
frequency inner sideband, 



Art 2 [8 V 2 (z + T 3a + tOg) - e 2 r 4 ] pbb + \e 2 [(l + £ 2 ) (z + T 3b + if} 4 



8r? 2 r 4 ] Paa 



r 2 
1 4 



(29) 



(z + T 3a + iQ 3 ) {z + T 3h + iQ 4 
I a) and \c) — > \b) between two near- lying dressed-state triplets result in the higher 



A 2 (w) = Re 



Arf [8 V 2 (z + r 3b - in 4 ) - e 2 r 4 ] Pbb + \e 2 [(1 + e 2 ) (z + r 3a - m 3 ) - 8?7 2 r 4 ] Pc 



{z + T 3a -iQ 3 )(z + T 



36 



r 2 
1 4 



(30) 



Since the cavity-induced level shifts are negligible, Ai will display a single spectral line located at frequency u)l — £l R , 
and A2 a line at ujl + Cl R . It is evident that the inner sidebands are also composed of two Lorentzians with linewidths 

27? = (r 3a + r 3b ) ± v /(r 3a -r 36 ) 2 + 4r 2 . 

The final transitions, \a) — > |c) and \a) — ► |c), respectively generate the lower-frequency and higher-frequency 
spectral lines of the outer sidebands, which are given by 

~2r] 2 (l + e 2 )pa 



A3 (id) = Rc 
A 4 H = Rc 



(z + r 5 + m 5 ) 

2 V 2 (l 



e 2 ) Pc 



(z + T 5 



(31) 
(32) 



The spectral lines are centred at frequencies Wi ± 2Q R , respectively, and have width 2IV In equations (^7|) - (|3^), 
the pjj which appear are the steady state dressed state occupation probabilities, given by equations ( [l9| ) 

We first consider the fluorescence spectrum of the atom with two degenerate (or near-degenerate) excited states, 
where the population of the dressed state \b) is negligible, as illustrated in Fig. 5, where ui 2 \ = 10 and = 100, and 
we consider different detunings. The results may be understood from equations ( |27| ) - (|32"|). It is not difficult to see 
from cqs. (^9|) and (|3(]) that the inner sidebands Aj.,2 will be very small, as p bb ~ and e 1 "^. 0. Hence the central line 
and the outer sidebands will dominate. This is evident in all the spectra of Fig. 5, but particularly for frame (a) where 
the inner sidebands are hardly visible. When the cavity frequency 6=0, the spectrum is a symmetric, Mollow-likc 
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triplet, whilst the lower- frequency outer sideband is enhanced and the higher- frequency one suppressed when S = il R 
and 2VL R . These features are similar to those of a laser-dressed two-level atom coupled to such a cavity field fjj. The 
enhancement and suppression of the sidebands is due to the cavity modification of the transition rates |o) — > |c) and 
\c) — > \a). The former decreases while the latter increases for 5 — fl R , 2VL R . Therefore, the enhanced spectral line of 
the outer sidebands is narrowed whilst the suppressed one is broadened. For large values of the detuning, shown in 
frame (d), the spectrum reverts to a symmetric form. 

Next, we display the modified spectrum in the limit of U21 3> f2 in Fig. 6 where the values u>2i = 200 and 
SI = 50 are taken. Contrary to the spectra of Fig. 5, the inner sidebands are most pronounced for the 5 = 
situation whereas the outer spectral lines are almost invisible. Tuning the cavity frequency may also change the 
spectral profile: the higher-frequency sideband is somewhat enhanced when 6 = £l R and 2Q R . As we discussed 
above, in the limit of w 2 i 3> f2 the dressed state populations p aa and p cc are close to zero while pi,b — 1, and all the 
populations are barely dependent on the cavity frequency. It is obvious from eqs. (^9|) and (Q) that the Ai ; 2 are 
mainly determined by the cavity- frequency-dependent decay rates, and T 3 i,. For the parameters of Fig. 6, we 
have T 3a (S = 0) = T 3a (S = 0) ~ 2.51, T 3a (5 = Sl R ) ~ 1.33, T 3b {6 = Q R ) ~ 4.40 and r 3a (<5 = 2Q R ) = 0.93, r 36 (<5 = 
2H,r) ~ 2.50. Therefore, Ai (u> = —Or) < A2 (uj = £Ir), which implies that the lower-frequency peak is lower than 
the higher-frequency sideband. 

In Fig. 7, we take the values u>2% = 200, = 100, which corresponds to the populations shown in frame (d) of Fig. 
4. For (5 = 0, the bulk of the population is concentrated in state \b) , and there is little population in states \a) and |c). 
Hence the outer sidebands are weak in amplitude, whilst the inner sidebands and the central peak are pronounced. 
Tuning the laser to S — £l R or 5 = 2£l R increases the relative amplitude of the high frequency or low frequency inner 
sideband respectively. As S is increased through 6 = Q R to 6 = 2fl Rl the population in state |o) increases, whilst that 
in state |c) decreases. The low frequency outer sideband consequently increases in amplitude at the expence of the 
amplitude of the high frequency outer sideband. 

For the general case, by inspection of equations ( p6| ) for the cavity-induced decay rates T;, one finds in the limit 
^ k that if the cavity is tuned to resonance with the driving laser (5 = 0), the rates are the same as those in 



free space 1 12 , except for F3 and T5 being replaced by T 3 + r y c 2r] 2 and T5 + 7 C 8^ 2 respectively. This reflects the fact 
that the cavity-induced spontaneous emission rates can be greatly suppressed by increasing the Rabi frequency tin- 
As shown in Fig. 8(a) for u>2i = 200 and fi = 200, the inner and outer sidebands are broadened, whilst the central 
peak is narrowed. 

We illustrate the spectra for 5 = fl R and 2fl R in frames 8(b) and 8(c), respectively, where asymmetric spectral 
features are exhibited. The previous explanations apply to this case as well, that is, the enhancement and suppression 
of the spectral lines stems from the cavity modification of the dressed state population distribution and decay rates. 
For example, for 5 = 2fl R the population in the dressed state \a) is much greater than those in the dressed states \b) 
and |c), as shown in Fig. 4(e). Accordingly, the lower-frequency peaks are higher than their counterparts in the high 
frequency side. 

V. ABSORPTION SPECTRUM 

It is also natural to study the absorption spectrum of a weak, tunable probe field transmitted through the system, 
as we would expect this to be largely determined by the dressed states populations. The frequency u> of the driving 
laser is kept fixed, and the absorption is measured as a function of the frequency v of the probe laser, measured from 
the laser frequency, to. The absorption spectrum is given by 

00 

A{v)=Be J {{[A 20 (t + T),A 02 (t)]) + {[A 10 (t + r),A 01 (t)})} t ^ oo e i ^dT. (33) 


We present only a brief discussion of this phenomenon here. As for the resonance fluorescence spectrum, we may use 
the quantum regression theorem to express the probe spectrum as 

A(lu) = Re f#oi (z) + 602 (z) - F{ (z) - G' 20 (z)} (34) 

J z—iv 

where 

F'{t) = UHt)[p(oo)\1)(0\]U(t) and G'(t) = (t) [p (00) |2> (0|] [/ (t) . (35) 

It is possible to use the secular approximation to obtain expressions for the spectral components, as was done in the 
previous section. However, for brevity, we concentrate on a qualitative discussion here. 
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Figure 9, frames (a)-(c), shows the spectra for W21 = 10, fi = 100, (£l R = 141.5) when most of the population resides 
in the dressed states \a) and |c) , and the population in state \b) is practically zero, although the latter does show a 
very small maximum for zero detuning, 8 = 0. The case 8 = is shown in frame (a). Because there is no population 
in state \b) , the absorption spectrum is largely determined by the transitions between the outer two levels from |c) 
to |a) , at frequency v ~ 2i7^, and by the transitions between the inner two levels \a) to \ c) . at frequency v ~ — 2f2/j. 
For example, from Figure 4, following the arguments of Cohen- Tannoudji and Reynaud [ p.3| , one can write down an 
approximate expression for the weight of the line at v ~ — 2Qr as 

w a (-2Q R ) ~ P a R ac - P c R ca , (36) 

a negative value for w representing amplification, and a positive value absorption. It is easily seen that 

W a ( + 2Q R ) ~ P c Rca - PaRac, = ~W a (-20*) (37) 

Since the populations in levels |a) and |c) are equal when 6 = 0, the difference between absorption and amplification 
is determined by the value of the rates. 
A similar argument gives 

w a (-0 H ) ~ P c R cb + P b R ba - P b R bc - P a R ab ~ P c R cb - P a R ab . (38) 

Using the expressions ( |l~8| ) for the rates, we find 

Wa {-Qr) 



W a (+2Q R ) 



40| 



< 1. (39) 



These arguments explain the main features of the plot presented in frame (a) . In frame (b) , we tune the driving laser 
to 8 = tt R which has the effect of significantly increasing the population in |c) and decreasing that in level \a) . The 
magnitudes of the absorption at v ~ —2fl R , and the emission at v ~ 2Q R , are thus greatly increased. The difference 
between the populations |a) and |c) reaches a maximum for 8 = ±2Q R . This value of 8 is assumed in frame (c), 
where the greatest absorption/emission occurs. 

In frames (d)-(f), we change the parameters to oj2i = 200, fl = 50 (Cl R = 122.5). The populations for this case, 
whose behaviour varies greatly from the previous case, are shown in frame (c) of Fig. 4. Now we have a large 
population in state \b) , and only small populations in states \a) and |c) . The absorption spectra are thus quite 
different: the strongest features occur at v = ±£1_r, and have a strong dispersive element, whereas the features at 
v = ±2f2jj are relatively insignificant. Tuning the driving laser to 8 = ±fl R or 8 = ±2il R again has the effect of 
greatly increasing the strengths of the absorptions/emissions. 

The first three frames of Fig. 10 show the absorption spectra for 0J21 = 200, f2 = 100 (fl R = 173.2) and the second 
three frames the absorption spectra for 0J21 = 200, = 200 (Cl R = 300) . In these two cases, changing the detuning 8 
has a greater effect than in the cases of the previous figure. This is particularly true in the last three frames, where it 
can be seen that changing the detuning can cause a switch from strong absorption to strong emission, and vice- versa. 



VI. CONCLUSIONS 



We have investigated, in the bad cavity limit, the resonance fluorescence of a V-type three-level atom strongly 
driven by a laser field and weakly coupled to a cavity mode, and we have demonstrated how the fluorescence may 
be controlled and manipulated by varying the cavity and Rabi frequencies. A strong dependency of the bare and 
dressed state populations on the cavity resonant frequency is shown. Population inversion in both the bare and the 
dressed-state bases can be achieved for appropriate atom-cavity coupling constants, cavity resonant frequency and 
high driving intensities. These population inversions result from the enhanced atom-cavity interaction when the cavity 
is tuned to resonance with the atomic dressed-state transition. The resultant fluorescence spectrum is also strongly 
dependent on the cavity frequency. When the cavity is in resonant with the driving field, the spectrum is symmetric. 
Specifically, if the excited levels of the atom are degenerate (or near-degenerate), a Mollow-like triplet is exhibited 
with central line narrowing, but the spectrum has a two-peak structure if the level splitting is much greater than the 
laser intensity. Otherwise, the spectrum consists of five peaks. When the cavity is tuned to resonance with one of 
the spectral sidebands, some of the spectral lines may be enhanced and others suppressed, and so the spectrum is 
asymmetric. Dynamical line-narrowing and peak-suppression of certain spectral lines can be achieved by increasing 
the laser intensity. We have also demonstrated that a large degree of control and manipulation of the probe absorption 
spectrum can be achieved by tuning the cavity. 
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FIG. 1. Configuration of a V-type three-level atom coupled to a single-mode cavity and driven by a laser field. 

FIG. 2. The bare populations of a V-type three-level atom coupled to a single-mode cavity and driven by a laser field. The 
ground state population is represented by a solid line, the first excited state by a dashed line, and the second excited state by a 
dotted line. In all our figures, we assume the values 7 = 1, g = 20, k = 100. In the first three frames here, we assume LU21 = 10, 
and in the last three LO21 = 100. In frames (a), (b) and (c), we take Q = 4, 10 and 100 respectively, and in frames (d), (e) and 
(f ) we take fi = 100, 200 and 300 respectively. 



FIG. 3. Diagram of atomic dressed states and dressed-state transitions. 



FIG. 4. The dressed-state populations, for the same parameters used in Fig. 2. The dressed state 'b' is represented by a 
solid line, the dressed state 'a' by a dashed line, and the dressed state 'c' by a dotted line. In the first three frames, LO21 = 10, 
and in the last three u>2i = 100. In frames (a), (b) and (c), fi = 4, 10 and 100 respectively, and in frames (d), (e) and (f), 
n = 100, 200 and 300 respectively. 



FIG. 5. The fluorescence spectrum for lo 21 = 10, fi = 100, and (a), 5 = 0, (b), 8 = Sl R , (c), 8 = 2Q R and (d), 8 = WCIr, 
respectively. 

FIG. 6. The fluorescence spectrum for = 20, Q = 50, and (a), 8 — 0, (b), 8 = Qr, (c), 8 = 2Q.R and (d), 8 = IOSIh, 
respectively. 

FIG. 7. The fluorescence spectrum for lo 2 i = 200, fi = 100, and (a), 8 = 0, (b), 8 = Sl R , (c), 8 = 2Sl R and (d), 8 = 10fi fl , 
respectively. 
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FIG. 8. The fluorescence spectrum for lo 2 i = 200, fi = 200, and (a), S = 0, (b), 5 = (c), 5 = 2Q, R and (d), 5 = Wn R , 
respectively. 

FIG. 9. The probe absorption spectrum. In the first three frames, U21 = 10, Q = 100, and in the last three UJ21 = 200, Q = 50. 
In frames (a) and (d), S — 0, in frames (b) and (e), S — Qr, and in frames (c) and (f), 5 = 2£Ir, respectively. 

FIG. 10. The probe absorption spectrum. In the first three frames, LU21 = 200, fl = 100, and in the last three 
lo 2 i = 200, = 200. In frames (a) and (d), S — 0, in frames (b) and (e), S = Q R , and in frames (c) and (f), S = 2Q. R , 
respectively. 
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